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1. Introduction and the main result 

This paper can be seen as the final remark of the previous paper written by the 
first author [D]. We consider the existence of harmonic maps between two spheres, 
via Hopf constructions. Given a non trivial bi-eigenmap f : S*^ x 5*^ — > 5*" with 
bi-eigenvalue (A,yu) {X, fi > 0) and a continuous function a : [ 0, ^ ] — > [ 0, vr ] with 
q;(0) = , a(^) = TT , one defines a map u: S'^+'J+i — >• 5*"+^ , called the a-Hopf 
construction on f, by 

M(sint ■ X, cost ■ y) = {sma{t)f{x, y), cosa(t)), 

where x e SP,y E S'^ and t G [0, |]. It is known [ER] that u is a harmonic map if and 
only if a is a solution of the o.d.e. 

a + {p ■ cott — q ■ tant)Q; — ( — ^ — | ^^--) sin a ■ cos a = (1.1) 

sin t COS'' t 

with the boundary value condition 

lim a(t) = 0, lim a(t) = n (1.2) 
t — >o+ t — >f-0 

Ding [D] proves that , if p22 and q22 , then ( |l.l|) -( pr2D has a solution .In the case that 
p=q=l , Eells-Ratto [ER] prove that a (1.1)-(1.2) is solvable if and only if A = /z. 
In this paper ,we consider the remaining case , i.e. p=l and q > 2. In this case , 
it is proved in [ER] that , a necessary condition for (1.1)-(1.2) to be solvable is that 
qX < 11. Ding([D] Remark 1.2) conjectured that, it is also a sufficient condition. In 
this paper, we prove the conjecture. 

Theorem 1.1. If p=l, q > 1,A > 1 and fi > Xq, then the proh.(l.l)-(1.2) has a 
solution a with < a{t) < n for t G (0, |). 

Some applications 

An immediate consequence of Thoerem 1.1 is that it can provide non-contractible 
harmonic maps between spheres. For example, cj) = e^^^ is an eigenmap with eigen- 
value A^ and ii if) : S*^ — >■ 5*^"^"^ is another eigenmap with eigenvalue /x, then the 
map F = (pip : x S'^ —>■ S*^*""^ C is a bi-eigenmap with bi-eigenvalue (A^,/i). 
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If ;U > A^g, then there exists a harmonic map from S*^"*"^ to S*^™". 

Using orthogonal multiplication and Hopf constructions in the following way, we 
can obtain more information about the homotopy groups of spheres, which is based 
on Theorem 1.1. An orthogonal multiplication is a bilinear map / : R'^ x R' ^ 
such that 

\f{x,y)\ = \x\\y\, Vx e R^ y e R'. 

A Hopf construction on / is a map 

Ff : R'^ X R' ^ R"+^ 

which sends (x, y) to (2/(x, y), |xp — \y\'^). 
Its restriction induces a map 

If /c = / = |, then ip is an eigenmap with eigenvalue = 2q. 

Choosing = e*^, then it is an eigenmap from to with eigenvalue 1. Let 
5 : R2 X 

]^n+i _^ be an orthogonal multiplication. Then the composition map 

■0) : X S'^~^ — > S'^ is a bi-eigenmap with bi-eigenvalue (1,//). Then the Hopf 
construction [-Fg(,^,v>)] is an nontrivial element in 7rq+i{S'^'^^) . By Theorem 1.1, we have 

Corollary 1.2 If there exist orthogonal multiplications / and g, then Vg > 2, 
the homotopy class ^ has a harmonic representative. 

Now the complex multiplication gives the Hopf's fibration ipi : ^ S'^, with the 
above g = 4, = 8. The quaternion multiplication gives the eigenmap ip2 '■ •S'^ — > S"' 
with q — 8 and /i — 16. Also from octonion multiplication we get the eigenmap 
■03 : S^^ — > with q — 16 and = 32. It is known (see [ER]) that there exist orthog- 
onal muhiphcations gi : R^ x r3 ^ R^, ^2 : R^ x R^ ^ R^ and gs : R^ x R^ ^ R^o. 
Therefore, according to Corollary 1.2 G 7r5(S'^), [Fg2{4,,^2)] G '^9{S^) and 

[-^93(0,V'3)] ^ ''^i7('S'^°) are non trivial classes and have harmonic representatives respec- 
tively. 

In the following sections, we will focus on the proof of Theorm 1.1. 
Recall that ([D]) for each s e (0, |). There exists a unique (3s which is the minimizer 
of the functional 



[\a^ + Q - sin^ a) fdt 
Jo 



Js{a) 

over the Hilbert space 

Xg^ {a e i?ioc(0, s) : (a^ + a^)fdt < 00 and a(s) = -}. 

Jo 2 

Here 

Qit) = + /W = sini • cosn. 

sm t cos^ t 

Since (3s is the minimizer of Js, it satisfies (1.1) in (0,s). Moreover, Ps{t) — >■ as 
i — > if and only if Js{(3s) < ^^(f )• In the present case, we always have Js(f ) — +00, 
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it follows that 

lim/3,(t)=0. (1.3) 

Similarly, we may define 

J* (a) = j\a^ + Q-sm^a)fdt 

over the Hilbert space 

^ {c? + a^)fdt < oo and a{s) = -}. 

2 

/^From [D], we know that there exists a unique (3* G X* which is the minimizer of J*, 
satisfies (1.1) in (s, |) and /?* satisfies 

hm/5:(t)=7r (1.4) 



if and only if 



j:{p:) = mfj::=c:<j:{^). 



Since one can easily show that c* is uniformly bounded (by using test functions) 
for s e (0, |), while J^(f ) +oo as s 0, we see that |T]^ holds true for s > 
small. Now we define 

' Psit) if t G (0,s] 

^ ^:{t) iftG(.,f). 

It is known ([D]) that as : (0, |) ^ X is a continuous curve in the space 



as{t) 



TT 

X = {a G ifiL(0, ^) : / ' (d' + a')M < oo}. 
2 Jo 

Moreover, there exists a constant C > such that 

Js(«s) <CforsG (0,^). (1.5) 

Note that agit) satisfies ( [1.1|) in (0, s) U (s, |), hence it is smooth there. However, the 
first derivative as{t) may have a jump at t = s, i.e. in general 

d,(s-0) ^ d,(s + 0). 

By the fact that is continuous in X and it satisfies ( |1 . Ij ) in (0, s) U (s, |), one can 
show that both as{s — 0) and as{s + 0) are continuous in (0, |). So we may define a 
continuous function 

l{s) := as{s + 0) - as(s - 0). 
It is clear that is a solution to (prT| )- (|1.2| ) if and only if l{s) = 0. 

We notice that the arguments in [G] imply l(s) < for s G (0, |) with f — s small 
enough. Therefore Theorem 1.1 is a consequence of the following Proposition. 

Proposition 1.2. Under the assumptions of Theorem 1.1, we have 

l{s) < 

for s sufficiently small. 
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The remaining part of this paper will be devoted to the proof of the Proposition. 

2. Blow-up analysis 

We set 



7,(t) ■.= as{st)te{0,-). 

s 



It is clear that 

By the equation (OF), we have 



7,(1) = - 7, = sas, and 7, = s a,. 



% + s(cot(st) - gtan(st))7, - s'^{-j--j— + 773^777^) ^^'^Is cos7s = (2.1) 



'sin^(st) cos^(st) 

in (0, 1) U (1, -). It is clear that 



s 



s(cot(st) — gtan(st)) — > -, 
A fi X 



2/ 



'sin^(st) cos^(st) t^' 
as s ^ 0. 

Given e > small, there is 5 = 5(e) > such that, if s < 5 the equation ( pTl| ) is 
well defined in (e, e~^) with uniformly bounded coefficients and uniformly bounded 
nonlinearity. Therefore, by elliptic estimates up to boundary (Noting that 7, satisfies 
the boundary conditions 7s(e) G (0, |), 7s(l) = f , and 7^(7) G (|,7r).), we may get 
the estimates 

Ibsllcfecie,!]) < C{k,e), 

and 

Il7.||cfc([i,.-i]) < C{k,e). 
It follows that there exists a sequence Sj — such that 7^^ — in C^([e, 1]) and 
C^([l, e""*^]), where is on [e, 1] and [l,e~"'^], continuous on [e, e""*^], and satisfies 
the limit equation 

0+ -0 - ^sin0cos0 = (2.2) 

in (e, 1) U (l,e"^) with 0(1) = f. 

Using a diagonal subsequence argument, we may deduce the existence of a sequence 
— > such that 7^- — in C^([e, 1]) and C^([l, ^~^]) for any e > 0, where satisfies 

(^ in (0, 1) U (1, 00) with 0(1) = f . 

Consider the function on [0, 1], we have 

C> r fQ sin^ asdt = sf{st)Q{st) sin^ -f,dt. 
Jo Jo 

Since the integrand of the last integral converges point wise to 7 sin^ 0, by Fatou's 
lemma we have 

£ J sin^ (j)dt < C. 
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It follows that </> ^ f • The analysis in [D] then shows that is the unique solution of 
the problem 

j + j0 — sin cos = 
\ 0(0+) = 0, 0(1) = f . 

This problem is explicitly solvable, and we get 

0(t) = arccos([^) (2.3) 

where a = 2V^. One can similarly show that on [l,oo), (|2.3| ) is also the right 
expression for 0. 

It is useful to note that is a special solution of the problem 

f 0+ j0- ^sin0cos0 = t G (0, oo) 

[ 0(0+) = 0, 0(oo) = vr. ^ - ' 

All solutions of (|2.4|) are given by 

0,(t) = arccos( ), s G (0,oo). 

s + I 

3. Comparison 

For comparison purposes we need to introduce a family of functions which are 
solutions to the equation 

/ V^ + cott^--^^sin7/'cos^ = 0in (0,f) . . 

\ V'(O) = 0, v^(f ) = TT. ^^-'^ 

The solution can be explicitly given by 

ipsit) = 2 arctan(cott s ■ tant*), s G (0, ^) (3.2) 

where, as before, a = 

Lemma 3.1. Let s G (0, |) and ip be the solution of l \3. Assume that for some 
to > s, as{to) > ■0(to) > max{6', ^}. Then as{t) > ip{t), for all t G (to, f )■ Here 

^ -A(g-l), ,7r 

U = arccos( — ) G { — ,7t). 

fi — A 2 

Proof. It will be convenient to write the equation (|1 . 1| ) as 

(/d)' — fQ sin a cos a = 0. (3.3) 
We first show that, under the assumptions of the lemma, ■0 satisfies 

(M-/Qsin^cosV'>Oin (to,|). (3.4) 



Note that ijj as given in ( p.2|) satisfies 



sin t cos t 
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Using this we have 

{ftpy = y/Xicos'-Hsimfj} 

= Asin~"'^)f:cos'^~^)f:sin-?/'cos'?/' — A(g — 1) sintcos''~^tsin'?/'. 

Then it is easy to derive that 

{fipy — fQsimpcosip = sint cos'^^^ t((A — /i) cosip — A(g — 1)) siiaip. 

/^From ( pTsD we see that 

^{t)>^{to) >eioTte{to,^). 

Hence 

A(g-l) 



cos tfj > 



fi — X 

It is then clear that (|3.4|) holds true. 

Then, we consider the function u = as — We have 

u(to) > and lim u(t) = 0. 

If the lemma is false, we can find ti G (to) f ) where u achieves a negative local 
minimum, i.e. 

u{ti) < 0, u{ti) = 0, and u{ti) > 0. 
However, using (^.31) and (|3.4|), we get, at t = ti. 



X.. / X N /sin 2as — sin 2'?/'\ , 



/(ti)Q(ti)coseu(t 



where ^ = 2(ras(ti) + (1 - for some r G (0, 1). Since ^^(ti), ^{ti) G (^, tt), 

we see that ^ G (^,27r). So, cos^ > and we arrive at u{ti) < 0, a contradiction! 
This proves the lemma. Q.E.D. 

4. Proof of the proposition 



Consider the function as which satisfies (|3.3|) in (0, s) U (s, |). Multiplying the 
equation (|37^ ) by fas and integrating over (0, s) and (s, |) respectively we get 

f{s)al{s-0)= r fQ^(sm'as)dt 
Jo at 



By integration by parts, we obtain 

f{s){a^{s + 0) - a^^is - 0)) = (f Q)' sin^ 
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Since we [D] have d<j(s + 0) > and as{s — 0) > 0, we can see that l{s) = as{s + 0) — 
— 0) > 0, if and only if the integral on the right hand side of the last identity is 
positive. Denote this integral by Ig, then we have 

TT TT 

Is = 2{jj — Xq) / sint cos^"'^ t sin^ agdt — 2jj,{q — 1) / sin^ t cos^"^^^ t sin^ asC^^ 
Jo Jo 

:= 2{f,-Xq)ll-2f,{q-l)ll 
To estimate I}, we let 7s (t) = as(st) and have 

1} = SI sinstcos^'^^'^ stsin^ '~)sdt 
Jo 

= " {s~^ sin st) cos'^'^'^ st sin^ 'jsdt 

Jo 

Note that the integrand of the last integral converges point wise to the function 
tsin^ (j)(t) as s — >■ 0, where is given by ( p.3|) . By Fatou's lemma, we have 

liminfs"^/|> / t sin'^ (f){t)dt = / -jT—r^dt, 
Jo Jo (1 + 

where a = 2\/~\ > 1. It follows that if A > 1, 

ll > A{X)s'^ for s sufficiently small where A{X) > 0, (4.1) 

and if A = 1, 

/] > B{s)s'^ where B{s) ^ oo as s ^ 0. (4.2) 

To estimate we need use the comparison lemma. First, fix an arbitrary large 
number i? > 0, we have 

as{sR) = 7s(-R) 4>{R) = arccos(- — ) as s — 0, 

1 + R"- 



I.e. 



cosas{sR)^-l + Y^a- (4-3) 



Next, let (i > 1, we consider a solution of ( |3.1| ) as in (|3] 

i^dsit) = 2 arctan(cot 2 ds ■ tana t). 
By a straightforward computation, we get 

2tan"(ds) 



cos ijjds{Rs) = -1 + 



tan" ((is) + tan"(i?s 
Using the fact that 

tant = t + 0{t^) near t = 0, 

we get 

2 



cosi^^m = -1 + ^ ^ + 0{Rh'). (4.4) 
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/^From ( [4 .31 and (|4.4|) , we can see that, if we choose R large enough, s small enough, 

as{Rs) > ipds{Rs) > TT - e, 
where e > can be chosen as small as we need. By the comparison lemma, for 

teiRs,^), 

asiRs) > i^dsit), 

and consequently, 

sin^a^(t) < sin^ Vds(t). 

For simplicity, set e = tan((is). We have 

2 , 4e''tan''t 
sm ipds 



+ tan*" 
Then, 



TT 

As := I sin^ t cos^^"^ t sin^ asdt 

JRs 

, „ /"f tant o 9„ q , 

< 4e" / sin^ t cos^""^ tcit 

~ Jrs + tan'^' t 



:= 4eV. 

Making the transformation u = tant, we get 

^oo u"''^^du 

where & = 2g — 3 > —1. 



tan(fc) (e« + u^'Yil + ^2)^ ' 



:= Ji + J2- 

Since a + 6 + 2 > 3, we have J2 < 00. Letting m = ex in Ji, we get 

Jtan(_Rs)/e (1 + X")^ Jtan{Rs)/e 

Noting that e = tan((is) and tan(i?s)/e = R/d + 0{R'^s'^), we see that 

Ji < Ce^-7i?"-2 if a > 2, 
Ji < Ce^-"| logtan(i?s)| if a = 2. 

Thus, 

As= f' sin^ t cos^"?-^ t sin^ a.rft < Cie" + Cae^-^ 

J_Rs 

where 6 > can be arbitrarily small. Since e = tan((is), we can rewrite the estimate 
as 

A = 0{s'') + 0{s^-'). 

Finally, we consider 

rRs 

B,= sin^tcos^^"^tsin^a,c?t. 
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It is obvious that, with Rs sufficiently small, 

pRs 

Bs = tan^{Rs) / sint cos^^"^ tsin^ asdt = o{l)l}. 
Jo 

Therefore, 

= 0(1)11 + 0is'^') + 0is'''). (4.5) 
Combining (^4.5|) with ( [4.1|) and (|4.2| ), we obtain, 

/, = 2(/i - Xq)ll - 2fi{q - l)/^ > 
for s > sufficiently small. This proves the proposition. Q.E.D. 
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